
ECE 346: Digital Signal Processing Spring 2021
Soo Min Kwon Week of March 8, 2021

Recitation #6: Sampling Theory

Objective & Outline

• Problems 1− 3: recitation problems

• Problem 4: self-assessment problem

Problem 1 (Sampling). Consider the following block diagram of a sampling system:

Suppose T = 1/100 seconds and let the continuous-time Fourier transform (CTFT) of x(t) be
defined as

X(jΩ) =


Ω2

100π2 , |Ω| ≤ 50π

0.1, 50π < |Ω| ≤ 120π,

0, otherwise.
(1)

(a) Provide a labeled plot of X(jΩ).

(b) Provide a labeled plot of the CTFT of the impulse sampled signal, xp(t), where xp(t) is defined
as

xp(t) =

∞∑
n=−∞

x(t)δ(t− nT ). (2)

(c) Provide a labeled plot of the DTFT of x[n].

(d) Provide a labeled plot of the CTFT of xr(t), the reconstructed signal.

Problem 2 (Sampling). Consider the following block diagram of a DSP system:
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where T = 1/500 seconds and the input to this diagram is

x(t) = 2 sin(100πt)− cos(300πt) (3)

and h[n] is an ideal low pass filter with cutoff frequency ωc = 2π
5

rad
sec .

(a) State and plot the continuous-time Fourier transform of x(t), X(jΩ).

(b) State and plot the discrete-time Fourier transform of x[n], X(ejω).

(c) State and plot the discrete-time Fourier transform of y[n], Y (ejω).

(d) State and plot the continuous-time Fourier transform of y(t), Y (jΩ).

(e) Does the “dashed block” act between the input and output as as a linear, time-invariant (LTI)
system? Justify your answer.

Problem 3 (Sampling). Consider the following block diagram of a digital signal processing system:

Suppose T = 1/500 seconds, while the frequency response of the discrete-time system h[n] is given
by

H(ejω) =


2e−j2ω, |ω| ≤ π

8 ,

3, π
8 < |ω| ≤

π
4 ,

0, π
4 < |ω| ≤ π.

(4)

Let the input signal x(t) be defined by the expression:

x(t) = 3 sin(600πt) + 2 cos
(

100πt− π

8

)
− 5 cos

(
40πt− π

6

)
. (5)

(a) Provide a closed-form expression for the CTFT of x(t).

(b) Provide a closed-form expression for the DTFT of x[n] for |ω| ≤ π.

(c) Provide a closed-form expression for the DTFT of y[n] for |ω| ≤ π.

(d) Provide a closed-form expression for the CTFT of y(t).

(e) Does the “dashed block” act between the input and output as as a linear, time-invariant (LTI)
system? Justify your answer.
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Problem 4 (Self-assessment). Consider the following block diagram of a digital signal processing
system:

Let x(t) be defined by the following expression:

x(t) = 5 sin(500πt) + 7 cos(1000πt) + 3 cos(1800πt). (6)

Suppose that there was an anti-aliasing block before the C/D block that produces an output xa(t).
Let this anti-aliasing filter be an ideal low-pass filter with cutoff frequency 700 Hz.
Lastly, let T = 1/900 seconds and the discrete-time system h[n] be defined as

h[n] =
2 sin(2π

3 n)

πn
(7)

Determine the following:

(a) Provide an expression for xa(t) and the CTFT of xa(t), Xa(jΩ).

(b) Provide an expression for x[n] and provide a plot of its DTFT, X(ejω).

(c) Provide labeled plots for the DTFT of y[n], Y (ejω) and the CTFT of the reconstructed signal,
Y (jΩ).

(d) Does the “dashed block” act between the input and output as as a linear, time-invariant (LTI)
system? Justify your answer.
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Problem 1 i

a We are given
I ry woman Irl E 50

0.1 50111 Isle loot
0 otherwise

Since we have an S2 factor from Inletott we should get thesense that
the plot is a parabola of some sort Building an easy intuition for small things
like this is useful

Xlir ftp.ooo 25

o I o i
roti roti roti not n

b we know the relationship

Xplin FFI Xl Cr KII

where Xpljr is the CTFT of xpit Note that 1 1100 seconds and so our
sampling frequency is As zoo11 radshec
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y
overlaps addup 2500
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root

y
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w it
I
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e we can get the DIET Klein by looking Xplgr and using the
relationship

w rt

Also note that since theDIET frequencies areperiodic E a 117 we can justlook
at these frequencies
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d Now we can take a look at Klein and use the relationship

we
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25
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loop noon soa roti root root r

DE



Problem 2

a We are given the input

t Isin looat costlootit

Taking the CTF1 of Nfl yields

cH Ye 100TH je Sloot't I ejsoo t.ie jrooat

XlD Y fl r loot Y fcrtioo11 TIHr 300A T1 Hrt3001T

The plot of this would be

Xl D
y
X

sooa loot soot
tooth r

a a
Tty

b we can directly look at Xlgr and scale the frequencies using the equation

w RT

Xleiw l 8 w Tyr Yj81Wt 157
IT81W l 1181w t l

Note that we implicitly used the property that flax xo fat 8 x 1
and did NOT scale the amplitudes

et
ayx

Ha ah My
It w

a a
Fy

Cc The LPF filters out the signal with frequencies w I 15
Thus

Klein T'tg w It M fl wt TY
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Ty

Ty w
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d To go from the DIET to the CTFT we can use the equation

r WIT

Thus
Yl r Y 811 loot l 8Chtioia

y.lt i2sinllooat7

let Since no new frequencies were added our dashed block is an LTI
system satisfying

Yl rl Xl r HeaGri
where

Heff in 1 Irl E20071
o otherwise
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Problem 3

a we have the expression

Itt 3sin booth t 2cosclooat no scoscyoat 16

Taking the HFT yields

Xljr l 8th boot l 81stboot t 21811 loot e 548

211811throttledto 51781240A e i 51181114017 e't

Ib Toget X ein we can look at XC r and use the fact that

we ST

Xlesw l 8 w t.tl l 8 wtf11 t 2181w e 548

21181wt'Tlet t sTt fl w Et e lb gTif l w 2 eJ

Since we want to look at discrete frequencies from f TI TI

I 4571 discrete frequencies I 4411

Thus

Xem 8 w 4IT l 8 w 4Ti t 2481w e 548

21181wt'Tlet t sTt fl w 7 e i b gTifl w 2 eJ

c To obtain Lew we have to look at the frequencies in Xcein and
shift multiply correspondingly These frequencies are

In 2 4TI E IT gets filtered7

If e Tt e I multiply by 3

4 t multiplyby 3 phaseshifteJ t

Thus

eiu 611flw TY e J18 t tagIwt 4 e548 loaf w Yu e I 4 to

loaf w t 2412 e it Tito



d Now using the relationship

r F
we get

Yl r 648 r 1001T e J t 61T81stlook ei

1011811 40Th e t1144150 loaf rt 401T e511491150

e we can see from La and d that

YC D XCD Hea jr

where

Heft jr 2e SHH Irie 62.51T
3 621112111 12TH
O otherwise
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